
Chapter 4 

Electronic Band Structure 

of Metals 

The measurement and calculation of the electronic band structure of metals 
started at Bell Laboratories in the 1950s. Materials purification methods 
developed for semiconductors were applied to metals, and the increased avail
ability of sensitive and reliable electronics made rapid and accurate measure
ments possible. The development of high-speed computers and new approxi
mations to the one-electron theory also brought about rapid advances in 
theoretical calculations. 

Scientists at Bell Labs studied Fermi surfaces, cyclotron resonance, and 
oscillatory effects such as the deHaas-van Alphen effect, magnetothermal as 
well as magnetoacoustic effects, and band-structure calculations. Other 
research on metals is discussed elsewhere in this volume, in particular, mag
netic properties of metals and alloys in Chapters 1 and 12, superconductivity 
in Chapters 9 and 15, and internal friction and dislocations in Chapter 19. 

I. FERMI SURFACES 

A metal is a good electrical conductor because its conduction elec
trons are free to move through the lattice of positive ions. The posi
tion of an individual electron in a metal is completely unknown, but 
because of the uncertainty principle, its momentum is well defined. 
Therefore, the description of the electronic structure of a metal 
involves the specification of the energy as a function of the momen
tum of each electron. The momentum may be represented by a point 
(or state) whose Cartesian coordinates are the components of momen
tum in three perpendicular directionsi this is usually referred to as 
the representation in momentum-space. The Pauli exclusion princi
ple permits only two electrons (one of positive and one of negative 
spin) to have the same momentum, so that to achieve minimum 
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energy, the momentum states of increasing energy are successively 
filled until all the electrons are accounted for. The boundary 
between these filled states and the empty states of higher energy is a 
surface of constant energy called the Fermi surface. The Fermi sur
face reflects the symmetry of the crystal in position-space, but it gen
erally has a very complicated shape, determined by the periodic 
potential field of the ionic lattice. As an example, the Fermi surface 
of tantalum retains the basic cubic symmetry of the crystal lattice 
even though it is composed of several complicated pieces or sheets.1 

[Fig. 4-1] The study of Fermi surfaces is of interest because the elec
trons at, or near, the Fermi surface determine the properties of a 
metal. The branch of solid state physics that studied these surfaces 
and the associated band structures became known as Fermiology. 

Fig. 4·1. The Fermi surface of a single crystal of 
tantalum. The outer hole sheets, or unoccupied 
electron states in momentum space, are shown in the 
shaded regions. The dashed lines are the boundaries of 
the first Brillouin zone for a body-centered cubic 
lattice. This model is based on the theoretical 
calculations of L. F. Mattheiss and is consistent with 
the experimental data of E. Fawcett and W. A. Reed. 
In contrast, the Fermi surface of a simple monovalent 
metal like sodium is a sphere. [Mattheiss, Phys. Rev. 
139 (1965): Al90ll. 
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Many of the experimental techniques for studying Fermi surfaces 
originated in the late 1930s with electrical and magnetic measure
ments on semimetals. The data were very complicated and did not fit 
the simple theoretical models, which predicted spherical or ellip
soidal Fermi surfaces. However, in the mid-1950s two major break
throughs, one experimental and one theoretical, initiated a period of 
intensive study of the electronic band structure of metals.2 

The theoretical advance, by L. Onsager at Yale University, showed 
that the frequency of the oscillations observed in the field depen
dence of the magnetic susceptibility could be directly related to the 
extremal cross-sectional areas of the Fermi surface.3 This meant that a 
study of the frequencies of oscillation of the susceptibility as a func
tion of magnetic-field orientation could, in principle, completely map 
the Fermi surface of a metal. 

The experimental advance was the measurement of the anomalous 
skin effect in copper by A. B. Pippard at Cambridge University in 
1957.4 These results showed that the Fermi surface, originally thought 
to be nearly spherical, was in reality a "jungle gym" of connected 
"balls and pipes." Pippard verified what many had previously 
suspected, namely, that Fermi surfaces could be quite complicated and 
that their study would lead to a deeper understanding of the proper
ties of metals. 

A variety of experimental techniques were developed to study 
Fermi surfaces. Each method is based upon the fact that an electron's 
energy is quantized in a magnetic field, and the trajectory of an elec
tron in a crystal is confined to the intersection of the Fermi surface 
with a plane perpendicular to the magnetic field. To obtain usable 
data, it is necessary that the electrons traverse their orbits many times 
before scattering. In practical terms this means that the metal sam
ples must be high-purity [less than 10 parts per million total impuri
ties], nearly perfect single crystals, and that the experiments must be 
performed at low temperatures (lK to 4K) and in magnetic fields of 
10 to 100 kilogauss. 

II. CYCLOTRON RESONANCE 

Since the mid-1950s cyclotron resonance has proved to be a power
ful spectroscopic tool in solid state physics. The first experiments 
studied the motion of electrons and holes in semiconductors; later stu
dies included semimetals and metals. At Bell Labs in the late 1950s, J. 
K. Galt had been measuring the cyclotron resonance in semimetals,5 

and it was natural for him to apply this technique to metals.6 He 
recognized the need for high-purity single crystals, and with P. H. 
Schmidt initiated a program to grow pure single crystals of zinc and 
cadmium. However, the experimental geometry, which had been sue-
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cessful in the study of semimetals (with the magnetic field perpendic
ular to the sample surface) yielded confusing results in metals 
because of the very small skin depth. (For more on this topic see sec
tion 2.4 of Chapter 1.) 

This impasse was overcome by the Soviet theorists M. Ya. Azbel' 
and E. A. Kaner, who showed that well-defined resonance series 
could be observed if the magnetic field was accurately aligned in the 
plane of extremely flat samples? The theoretical prediction was soon 
qualitatively verified by E. Fawcett at the Royal Radar Establishment 
in England.8 A. F. Kip and coworkers at the University of California 
at Berkeley,9 and Galt at Bell Labs, 10 demonstrated the power of the 
new experimental geometry. The era of cyclotron resonance in 
metals was launched. During the 1960s Azbel'-Kaner cyclotron reso
nance was widely exploited, in parallel with other experimental tech
niques and increasingly sophisticated band-structure computations, to 
establish the electronic properties of nearly all the elemental metals 
and even some metallic compounds. 

At Bell Labs, interest focused on the transition metals because the 
degree to which d electrons might be considered to be mobile had 
not been established. Cyclotron resonance measurements on tungsten 
by Fawcett and W. M. Walsh11 proved to be consistent with the band 
structure computations of L. F. Mattheiss. 12 As a result of these stud
ies, the previously emphasized distinction between d electrons and 
more free-electron-like states was shown to be meaningless because of 
extensive mixing (hybridization) of the electronic wave functions. 
The ultimate example of this itin,erant nature of magnetic electrons 
was provided by observation by Azbel'-Kaner cyclotron resonance in 
ferromagnetic nickel by P. Goy of Ecole Normale Superiere in France 
and by C. C. Grimes.13 [Fig. 4-2] 

Cyclotron resonance is a temporal phenomenon requiring equality, 
or a harmonic relationship, between the periods of the orbiting 
electrical carriers and the electrical excitation. In 1962, related spatial 
resonance phenomenon was discovered by V. F. Gantmakher in the 
Soviet Union. 14 He showed that sharp anomalies in the radio fre
quency impedance of thin metal plates occurred when a parallel 
magnetic field caused cyclotron orbits, or multiples of orbits, to span 
the sample thickness. The phenomenon results from current being 
carried from the surface skin-eff1~ct region and refocused into an 
image-current sheet one orbit diameter away. If the image-current 
sheet intersects the opposite surface of the metal plate, the surface 
impedance is modified. Similarly, if the orbit only spans half the 
sample thickness (at twice the magnetic field strength) the image
current sheet excites a second set of orbits that produce a weaker 
secondary image at the second surface. Grimes used this very direct 
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Fig. 4-2, Cyclotron resonance in nickel as a striking proof that the magnetism of 

transition metals results from fully itinerant electrons. The graph of the derivative 

of the surface resistance versus applied external field H shows a series of peaks that 

are subharmonically related in the internal magnetic induction 8. [Goy and 

Grimes, Phys. Rev. 87 (1973):299], 
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means of measuring orbit sizes and shapes to study several simple 
metals. Walsh and Grimes15 then used the technique to deduce 
important details of the electronic structure of tungsten as calculated 
by Mattheiss and R. E. Watson.16 

S. J. Allen extended the Azbel'-Kaner cyclotron resonance method 
in potassium to extremely high frequencies, :$1750 GHz, with a far
infrared, laser-driven spectrometer. Allen was able to observe effects 
caused by electron phonon coupling and the . breakdown of the 
Azbel'-Kaner theory. It was shown that at these high frequencies, the 
electrons do not escape the skin depth before the infrared field 
changes phase and the harmonics of cyclotron resonance, normally 
seen at low frequencies, are strongly attenuated.17 

III. HIGH-FIELD GALVANOMAGNETIC EFFECTS 

Galvanomagnetic effects occur when a conductor carrying a current 
is placed in a magnetic field. If an electron can traverse only a small 
fraction of its cyclotron orbit before scattering, the measurements are 
said to be in the low-field regime. Conversely, if an electron is able 
to complete one or more orbits before scattering, then the measure
ments are in the high-field regime. 
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To understand the galvanomagnetic properties of metals, it is 
important to understand the motion of an electron under the com
bined influence of the periodic field of the lattice, and the Lorentz 
force which results from the application of a magnetic field. From 
the definition of the Fermi surfa1:e and the Lorentz force, the elec
trons' motion may be described in a simple geometric way. Each 
electron at the Fermi surface has a constant energy, and a constant 
component of momentum along the magnetic field, since the Lorentz 
force is perpendicular to both the electrons' velocity and the mag
netic field. Thus the motion (or orbits) of the electrons at the Fermi 
surface in a magnetic field is the perimeter of each plane-section of 
the Fermi surface perpendicular to the magnetic field. 

The change in a conductor's resistance in a magnetic field is known 
as magnetoresistance. At room temperatures, this effect is small (less 
than 1 percent) and is only slightly dependent upon the orientation 
of the magnetic field relative to the sample's axis. However, it was 
observed by N. E. Alekseevskii and Yu. P. Gaidukov,lB and by J. 
Yahia and J. A. Marcus,19 that the magnetoresistance of high-purity 
single crystals at temperatures less than 4K could be very large 
(greater than 103) and highly dependent on the directions that the 
magnetic field and current made with the sample axes. These results 
could not be reconciled with the spherical or ellipsoidal Fermi-surface 
models that had been applied successfully in understanding the gal
vanomagnetic effects in semiconductors and semimetals. The answer 
to this puzzle was provided by a trio of Soviet theorists-!. M. 
Lifshitz, Azbel', and M .. I. Kaganov.20 They assumed that the Fermi 
surface of a material could be composed of more than one sheet, that 
these sheets could involve either dectrons or holes, and that some of 
these sheets could possess a multiply connected topology that sup
ported cyclotron orbits extending indefinitely in momentum space. 
These calculations showed that as the magnetic field increased, the 
magnetoresistance could either saturate at a small value (less than 10) 
or increase quadratically to large values (greater than 103) depending 
upon the nature of the cyclotron orbits permitted on the Fermi sur
face for that particular magnetic field direction. Rotating the mag
netic field around some axis of a single crystal could produce large 
peaks and low valleys as different types of orbits were allowed. At 
Bell Labs, J. R. Klauder and J. E. Kunzler applied these results to 
copper and demonstrated experimentally most of the theoretical pre
dictions.21 

The galvanomagnetic studies were continued by W. A. Reed and 
Fawcett. They were aided by R. R. Soden, who was then applying 
the art of float-zone refining to the fabrication of high-purity single 
crystals of the transition metals. Probably the most notable work of 
this collaboration resulted from their measurements on nickeL22 This 
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study demonstrated that all of the conduction electrons in nickel were 
free to move throughout the crystal (itinerant), and that the previous 
idea of localized d electrons was incorrect. They also demonstrated 
that the magnetic field "felt" by the electrons was the magnetic induc
tion B, not the magnetic intensity H. 

IV. THE OSCILLATORY EFFECTS 

When a metal is placed in a magnetic field the free energy of the 
electrons is quantized and the electrons are distributed among these 
discrete levels. As the magnetic field is increased the energy of some 
of these levels will become greater than the Fermi energy and the 
electrons in these levels will redistribute themselves into the lower 
energy levels. This redistribution of the electron population as a 
function of magnetic field reveals itself in any measurable quantity 
that depends upon the free energy. The oscillation of this quantity 
will be periodic in B-1• The effects most used to study Fermi surfaces 
are the deHaas-van Alphen effect, the magnetothermal effect, and the 
magnetoacoustic effect. 

4.1 deHaas-van Alphen Effect 

In 1930, L. D. Landau calculated the magnetic susceptibility of an 
electron gas and found a term that oscillated in the magnetic field. 23 

At that time he dismissed this term because he felt that it could not 
be observed experimentally. However, in 1930 W. J. deHaas and P. 
M. van Alphen observed these oscillations in bismuth. Although a 
number of scientists continued to measure the deHaas-van Alphen 
effect over the intervening years, it was not until 1952, when Onsager 
made the connection between the frequency of the oscillations and 
the cross-sectional area of the Fermi surface, that the measurement of 
the oscillatory magnetic susceptibility and the complementary oscilla
tory effects (magnetothermal, magnetoacoustic, galvanomagnetic, and 
so on) became powerful tools for measuring the Fermi surfaces of 
metals. 

In 1963, deHaas-van Alphen measurements were started at Bell 
Labs by J. H. Condon. While studying beryllium, he noticed that the 
shape of the susceptibility oscillations were distorted, but the distor
tions were not dependent upon the sample shape. This observation 
was at variance with a paper by Pippard, which explored the 
ramifications of the fact that the oscillatory free energy was a func
tion of the magnetic induction B, and not the magnetic intensity H as 
had been previously assumed.24 This became known as the B-H effect. 
Condon developed an explanation of his results in beryllium by pos
tulating that during parts of the oscillation the sample broke up into 
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magnetic domains, similar to the domains observed in ferromagnetic 
materials.25 Condon and R. E. Walstedt subsequently verified this 
explanation by measuring the nuclear magnetic resonance in silver.26 

They observed two resonances, corresponding to two values of the 
magnetic induction, when the domains existed and only one reso
nance when the domains were absent. The B-H effect was also stud
ied in beryllium by Reed and Condon using the high-field magne
toresistance oscillations.27 [Fig. 4-3] 

4.2 Magnetothermal Effect 

In 1960, W. S. Boyle, Kunzler, and F. S. L. Hsu demonstrated the 
magnetothermal effect in bismuth.28 They measured the temperature 
fluctuations of a single crystal that had a weak thermal link to a bath 
of liquid helium and observed thermal oscillations periodic in B-1

. 

This technique was applied by J. E. Graebner and Kunzler to the 
high-field superconductor V 3Ge,29 by Graebner and E. S. Greiner to 
the metallic oxide Re03_3° by M. H. Halloran and coworkers to 
niobium and tantalum,3 1 and by Graebner, Greiner, and W. D. R~den 
to the conducting transiltion-metal dioxides Ru02, Ir02 and Os02. 2 
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Fig. 4-3. The high-Jield magnetoresistance of beryllium, showing the 
effects of quantum oscillations and the fact that these oscillations 
depend on the magnetic induction B (internal field) and not the 
magnetic intensity H (applied field). [Reed and Condon, Phys. Rev. 
81 (1970): 3506). 
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4.3 Magnetoacoustic Effects 

As in previously mentioned effects, the absorption of high

frequency sound (approximately 10 MHz) by electrons in a high

purity metal single crystal undergoes periodic oscillations as the 

strength of the magnetic field is varied. R. W. Morse at Brown 

University was one of the first to apply this technique to the meas

urement of Fermi surfaces. 33 Measurement of magnetoacoustic oscilla

tions was initiated at Bell Labs by D. Gibbons and continued by L. R. 

Testardi. Testardi's measurements on rhenium,34 coupled with the 

calculations of Mattheiss,35 were instrumental in the understanding 

of the band structure of this metal. 

V. BAND STRUCTURE CALCULATIONS 

A basic problem in representing the electronic states of metals is 

caused by their dual nature. They resemble bound atomic states near 

the nuclei and freely propagating plane waves in the interstitial 

regions. A practical theoretical formulation combining these charac

teristics was derived by J. C. Slater at M.I.T. which he called the 

augmented-plane-wave method.36 Mattheiss furthered the develop

ment of this method with Slater's group,37 and initiated a program of 

band structure calculations when he joined Bell Labs in 1963. He 

used the augmented-plane-wave method to calculate the band struc

ture of transition metals and compounds that were being investi

gated. His band calculations for the AlS compounds (for example, 

V 3Si),38 tungsten,39 rhenium,40 niobium and tantalum}1 the metallic 

oxides Re03 and Ru02, Ir02 and Os02,42 and the layer compounds 

(for example, NbSe2),43 provided a useful framework for interpreting 

the experimental data and furthering the understanding of the elec

tronic structure of metals and compounds. 
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